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An analysis is presented of the statics and dynamics of mooring cables. The analysis includes effects that have
not been considered by any previous investigator and corrects certain errors that have been perpetuated by all
previous investigators. In addition to the discussion of hitherto unsuspected physical effects, this paper also in-
cludes a discussion of the numerical computation of buoy-cable systems in waves.

Introduction

RIOR to the publication of Ref. 1, it appears that all

studies of cables suspended in a heavy liquid contained an
erroneous accounting of the effect of fluid static pressure. It
was stated without demonstration in Ref. 1 that the equations
generally used by others require replacing of the tension by an
apparent tension T,=T+pgA(h—z). It is clear that the ap-
parent tension and the actual tension are equal only at the
liquid surface z=#h and the tension can vanish and become
negative between some point z; and the bottom of the cable.
Engineers have questioned how a cable can sustain negative
tensions (axial compressive forces) since they have little
(ideally no) bending rigidity.

It is the purpose of this paper to provide the details of the
derivation alluded to in Ref. 1. At the same time, a proper ac-
counting will be taken of the effects of extensibility of the
cable, and it will be shown that the resulting equations are dif-
ferent in this respect also from the result of all previous in-
vestigators. In particular, the apparent tension must itself be
replaced by an effective tension T,=T+pgA(h—2) /(I +¢).
Moreover, the constitutive equation, which states that the
elongation is proportional to the tension, must be replaced by
one that states that the elongation is proportional to the ef-
fective tension. Thus, the hydrostatic pressure contributes to
the elongation by squeezing the cable, and this contribution is
sufficient to keep the elongation positive even though the ten-
sion itself may become negative. Indeed, a strain gauge at-
tached to the cable will always register a positive value and is
only capable of detecting the effective tension, not the actual
tension.

Analysis of Static Cable Forces

Forces on an Element

Let us first consider an extensible cable of weight per unit
length w in vacuo suspended in a heavy liquid of mass density
p. The cable is considered to be acted upon by a horizontal
offsetting force X at the water surface and a vertical force Z at
the same point to sustain it in equilibrium; reaction forces X,
and Z, act at the anchor. A current flowing horizontally and
having an arbitrary velocity profile V. (z) is assumed to exist.
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Figure 1 serves to define the coordinates. Let us now consider
the differential element at E, the details of which are exhibited
in Fig. 2. Here it is seen that the element of radius a is curved
and has a radius of curvature R; the center of curvature lies in
the vertical plane. Thus, we restrict the study to cables lying
entirely in this plane.

The vertical position of any point on the surface of the
cable is

7, =7 +acos¢cosh (1)
where z is the height of the centerline, a is the cable radius,
and 6 is the angular coordinate measured in a plane per-
pendicular to the vertical plane (plane of the paper) from the
normal to the intersection of these two planes.
The static fluid pressure at this point on the cable surface is
p‘rng(h_zs) (2)
and the pressure can only produce a normal component of
force on the cable, the tangential component being zero. If the
arc length of the stretched cable element is (1 +¢)ds, with ds
the arc length of the unstretched cable element, and e the ex-
tension per unit length at that arc length location s, we can see
that the element of area at any angular slice 8 is (R —a cosf)
dé-adb (1 +¢) so that the lengths of filamentat § =0and 6 =r
(“‘top”” and “‘bottom”’) differ by 2a. In other words, the fluid
pressures have a larger area on which to act on the ‘“‘lower”
side than on the ‘‘upper’’ side. This is basically why the finite
radius of curvature produces a nonvanishing contribution to
the static normal force density. We do not have to rely on this
physical interpretation, but rather proceed to find the dif-
ferential force density from

dF, 21
= — g p.cosf (R —acosf)adl (I +e€) 3)
deo Jo
in which we make use of Egs. (2) and (1) to yield
an 27
Eq? = —pgago [A—z—acospcosd] (R —acosf) cosbdd(]+e)

“)
As only those terms involving cos?# contribute (producing a
factor of 7) and all others integrate to zero, we find that

CiFl— A[osq5+(h—Z)]
Rdg  PEALC R

_dF,
T (I+e)ds

(&)

taking Rdo = (I +¢€)ds, the stretched centerline arc length,
and A =ma’, the cable cross-sectional area when the cable is
stretched.
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Fig. 1 Global view of cable in static equilibrium.

Fig. 2 Geometric definition of curved cable element with centerline
at z units above the sea bottom in a fluid of depth /.

It is clear from Eq. (5) that the effect of finite radius of cur-
vature is significant in the normal force arising from liquid
pressure at all locations such that (A—z)/R =0 (1.0). This is
not a sole criterion, since the importance of the normal force
must be reckoned in relation to the cable tension which will
subsequently be considered.

Before proceeding, it is necessary to note that A is the cable
area under load and, hence, is smaller than the unloaded area
Ay. The relation between 4 and A4, can be determined by con-
siderations in the theory of elasticity.? The general relation-
ships between stress and strain for a homogeneous, isotropic
material obeying Hooke’s law are given in Ref. 2 (p. 8). In
cylindrical coordinates r, z, 8, these are

€= % [o,, —v(g, +0. )] (6a)
E,:%[ ,.—V(0:+(7[/):| (6b)
e::%[o:—v(o,ﬁ—oﬁ)] (6¢)

where v is Poisson’s ratio and £ is Young’s modulus. The ex-
tension per unit length e is actually the longitudinal strain
component e.. Now, consider an element of the cable whose
cross section is a circle of radius @ and whose length is ds. The
stress along the cable element is T/A, whereas the radial stress
at the surface r=a caused by hydrostatic pressure is —p
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Fig.3 Differential element of cable showing forces and angles.

g(h—2). Reference 2 (p. 216) shows that a solution of the
equations of elasticity satisfying these conditions is that the
normal stresses are constant throughout the element and the
shearing stress is zero. The solution is, therefore

0,=0y=—pg(h—2)
6.=T/A (7

On substituting into Eq. (6), we obtained for the longitudinal
strain component in the element

! [ T +2 h ] 8

=712 vpg (h—z) (8)
[t is seen immediately that the extension per unit length of the
cable is not merely proportional to the tension but also con-
tains a term proportional to the hydrostatic pressure. Thus,
the extension of the cable is caused by two actions; pulling on
the cable due to tension and squeezing of the cable due to
hydrostatic pressure.

At this point, Poisson’s ratio will be taken to be equal to V2
for all materials to be considered. Although it is true that
Poisson’s ratio is less than ¥ for ferrous materials, it is also
true that the theory of elasticity, which is being called upon,
assumes the material to be isotropic, which it surely is not for
the chains and cables usually employed in marine ap-
plications. The great simplifications introduced by assuming
Poisson’s ratio to be equal to ¥ are felt to be justified on this
basis. The reason this value of Poisson’s ratio leads to sim-
plifications is given in Ref. 2 (p. 10), where it is shown that for
=Y, the volume expansion of an element is zero. Thus, the
volume of a cylindrical element of length ds and cross-
sectional area A, before stretching remains constant for this
value of Poisson’s ratio, so that, if the length of the element
becomes (1 +¢)ds and the cross-sectional area becomes 4 af-
ter stretching, it is clear that since volume is conserved

A=A,/ (I +¢) )
Then Eq. (5) becomes
dF, =pgA,(cos¢ + (h—z/R))ds (10)

To determine the first-order component of tension along the
normal, we note that over the distance (1 +¢)ds the tangent
turns through an angular change of d¢, and, hence, the con-
tribution of the tension to the forces acting along the normal
is

Td. Tdo
__df_ . ([ +€ )dS=A——
(I +e)ds ds
If wis the weight of the cable per unit length in vacuo of the

unstretched cable, then the component along the normal of
the unstretched cable is —wds cos¢. We arrive at the same
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form for the stretched cable since volume is conserved.
Finally, we consider that the current will induce a normal
drag force per unit length on the cable of the form

aF 1
e ‘Z‘PVc (2a)Cy (11)

Since volume is conserved during elongation of the cable, the
radius @ will become after stretching

a/(I+e)”

Hence upon replacing ds by (I +e¢)ds the current-induced
force after stretching becomes for small ¢

dF="4pV 2 (2a)Cnds (I + Vr¢) (12)

The sum of all these static forces along the normal is for ar-
bitrary ds

@+ A, (co d>+h_z !
ds pgA, (cos —R—)—wcosd>-—F(1+7e):0
Now, noting that
I 1 d¢ .
R~ (I+e) ds (13

We can combine terms to obtain

pgAy(h—2z) do ]
T+ 2y 2w _ LN
U= 0ra ) as ~vmegdocose—FI+ — ) =0

(14)

Since all the fluid pressures act along the normal, the balance
of tangential forces requires that

dT . 1 _
[a—w51n¢+0(1+7e)]d5—0 (15)

where G, the tangential drag force per unit length induced by
the current, is of the same form as the normal drag force F.
The weight of the unstretched element in water is

W =w—pgA, (16)

and hence we see that w appears in the tangential equation
whereas w’ appears in the normal equation together with a
term that modifies or alters the tension.

Let us define a quantity that we may call the effective ten-
sion 7T, given by

Ty pgAy(h—2z)
(I+¢€)
Now differentiate with respect to s
ar, QLT B pgA, dz
ds ds

T,

a7

d/ A
— + h— ~<~—-) 18
I+e ds P8l z)ds 1+e¢ (18)

But in the stretched condition

dz

— = (I +¢)sing (19)
ds
so that
dTr dT, . d/ Ay
0 st -0 2 (1)
= a5 P8 oSing —pg (h—z) s\ T1e (20

Upon substituting Eq. (20) into Egs. (15) and (16) and Eq.
(17)into Eq. (14) we obtain

do 1

T,— =w'cosp+F(l+ —¢) 21
ds 2

aT. "sing —G(1+ ! ) (22)
=w’ sing — —

ds 2 ¢
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where the term proportional to (d/ds) [A,/(1+¢)] that ap-
pears in Eq. (20) has been dropped, since it is canceled iden-
tically by a longitudinal hydrostatic pressure force acting on
the annulus between the section of area A/ (I +¢) and the sec-
tionofarea A/ (I+e) +d[A/(I+€)].

In the case where current is absent (F=G=0), it is seen im-
mediately that {Eqs. (21) and (22) are identical to the usual
form of the static cable equations with the cable weight in the
liquid appearing in both equations. The departure from all
previously published results is that the tension itself does not
appear but only the effective tension. When current is present,
the accounting for extensibility in the factor (1 + 2¢) that ap-
pears in both equations is different from any previously
published result.

Now return to the expression for ¢, Eq. (8). Upon setting
v="Y4 and replacing A by A,/ (1 +¢), this becomes

1 T(1+e¢)
G—FI:A—O +ﬂg(h'—Z):|

(23)
Eliminating 7 in favor of T, by virtue of Eq. (17), we obtain
for small e

e=T,/AE (24

This is the appropriate constitutive equation to account for
hydrostatic pressure and shows that it is the effective tension
and not the actual tension that controls the extensibility of the
cable.

Finally, the tension itself may be determined by solving
Egs. (19), (21), and (22) subject to Eq. (24) and specified end
conditions. The solution will yield 7,.(s), e(s), and z(s),
which must then be substituted into Eq. (17) to yield 7'(s).
Note from Eq. (7) that the actual tension, not the effective
tension, determines the longitudinal stress. Thus, the actual
tension is critical when considering the ultimate strength of
the cable.

Analysis of Unsteady Free Cables

To arrive at the net or resultant forces on the cable element
when it is undergoing an arbitrary motion, we must join to the
hydrostatic forces the forces generated by acceleration (added
mass force plus a dynamic coupling due to the presence of the
current, both of which are derived in Ref. 1). The resultant
force must then be equated to the product of the mass and
total acceleration of the element. In this way, the equations of
motion of the cable are achieved. Defining U, V to be the
tangential and normal velocities, respectively, and u the mass
per unit length, the normal and tangential inertial forces are,
respectively

KL

Y Y
aU 3¢

(- =Vr)
at at

The hydrodynamic normal force derived in Ref. 1 is
A 1% LV cosé b )
— COSP ——
Y at

Upon inserting into Egs. (14) and (15) by virtue of Eq. (19),
we ultimately arrive at the following normal and tangential
force balance equations

av ¢
w55 +H(poU+pA,V cosg) ot

3t
3 1
=Te—¢—w' cos¢— (1+ —¢)F 25)
as 2



116 T.R. GOODMAN AND J.P. BRESLIN

1%

aT,
o ( a1

as

fif0) . 1
V=)= —w’ — 26
Vat ) w’sing + (I + 2e)G (26)

where, in parallel with Eq. (9)

po=un(l +e) @7

where pu; is the mass plus added mass per unit length before
stretching.

In addition to the kinetic relationships (25) and (16), it is
shown in Ref. 1 that the following kinematic or compatibility
relationships must also be satisfied

Ww_, 00 _ o

= 28
ds as at @8

v 0¢ el
MY § -
s + s ({+¢€) 3 29)

Now consider the constitutive equation for the cable.
Classical elasticity has led us to Eq. (24), and it can be seen
from this equation that a strain gauge on the cable is only
capable of detecting the effective tension and not the actual
tension. Reid derived a dynamical constitutive equation for a
cable that takes into account hysteresis losses that may occur
in dynamic situations.? This model is calied a Maxwell model,
and the constitutive equation for it is

Yo fAEe=T+r L (30)
7107, ARFY

where 7 and Y, are specified constants.

For certain materials, the Maxwell model may represent a
closer approximation to reality than the classical model. Un-
fortunately, the model does not take into account the effect of
hydrostatic pressure, since this was not considered by Reid in
his development. It is proposed that, in order to account for
hydrostatic pressure in the Maxwell model, the property,
derived on the basis of classical elasticity, that only the ef-
fective tension is detectable be retained, in which case the
Maxwell model (including the effect of hydrostatic pressure)
becomes

aT,
ar

3
Tyoa—j +AEe=T,+7 G1)

This reduces to Eq. (24) in the static case and may be used to
replace it in the dynamic case.

Thus, the complete set of equations are (25), (26), (28), (29),
(31), which constitute five equations for the five unknowns U,
V, T, &, ¢.

Finally, it can be shown that the vertical and horizontal
displacements, z, x are related to the normal and tangential
velocities according to

dz/3t=Vcoso + Ucoso (32)

dx/dt=Ucosp — Vcosop (33)

Wave, Current, and Motion—Generated
Hydrodynamic Forces on Cable Elements

There are several mechanisms that are responsible for the
generation of hydrodynamic forces on cable elements. These
may be classed as excitation forces, from the pressure and
velocity fields arising from wave motion when the cable is
considered to be held stationary and those arising from the
relative motion of fluid and cable when the cable is oscillated
in a horizontal current which, in general, varies with depth.
We deal with each of these in turn.
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Force From the Wave Pressure Field

This force is expected to be small, except possibly in
shallow water, wherein the attenuation of dynamic effects
with distance from the surface is much slower than in deep
water.

Since the “‘scale’” of the wave potential field is very large
compared with the diameter of the cable, one may readily ob-
tain an expression for the force arising from the dynamic
pressure gradient by invoking the relation derived by Taylor*

Fi=—(1+k;) V(dp/dx;) (34)

Here F; is the force in the jth direction, ; is the added mass
coefficient of the body in the jth direction, ¥ is the volume of
the body, and p is the ambient, spatially varying pressure field
(the gradient is evaluated at the center of volume). To apply
Eq. (34) to any cable element immersed in the wave field we
can write for the force density normal to the cable

Aop (1+)dsazq) 24,0 0% 4 35)
= —ds
(T+e) ' F oP

Fo=-2 =
" andt andt

where we have taken k; =k, =1 for circular cross sections and
related p to the potential function ¢ for the wave motion by

p=p(3d/0r) (36)
For waves in two-dimensional space progressing in the
negative x direction (from buoy to anchor) in water of finite

depth A,

q)__awg coshkz
" & coshkh

el(k.V+u)/) (37)

where the wave number k is found from
k= (w?/g)tanhkh (38)

The normal derivative in terms of cable angle ¢ is

9 ing 9 +cos¢ 9 (39)
— =sin¢g — +c¢ —
on ax 0z

Carrying out the operations indicated in Eq. (35) by using Eq.
(39) on Eq. (37) there is obtained after some manipulations,
the following expression for the force per unit length due to
the dynamic pressure gradient

_ 2pgka, A,

= sin{¢, — ikz, Ye ko T 40
” COShkh ( 0 ()) ( )
where k£ must be found from Eq. (38) for given values of w
and A and the subscript zero refers to the static equilibrium
value.

Wave Velocity —Current Induced Viscous Forces

When wave motion is accompanied by a horizontal current
V., there will be net normal and tangential forces associated
with the convective pressure distribution around each cable
element immersed in this disturbed, viscous fluid. Since the
scale of the wave motion is large compared to the cable
diameter, we may approximate the normal force acting on the
cable (regarded as held stationary in the wave-current field) in
a quasisteady sense by using the empirical ‘“‘cross-flow drag”’
formula. This formula is based on the concept that the force
normal to a circular cylinder inclined in a stream is propor-
tional to the square of the velocity component normal to the
cylinder. Here the generalization of Eq. (12)is taken to be

Fiom = V2paCp [V, sing + V12 (1 + V2e)ds (41)
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where V,, is the wave-induced velocity normal to the section,
and Cy is the drag coefficient appropriate for the section
determined for ¢ =7/2, i.e., Cy =Cysin?¢. The deviation of
this force from equilibrium values is taken to be

SF=paCr V.V, sind,- (I+ Vsey+...)ds @2)
where it can be shown from Eq. (37) that

—ika, g )
Vo= — %2 Gin(é, —ikz, Ye'kro T i) (43)
wcoshkh (%o o)
Thus, the excitation force per unit length arising from the
coupling of wave and current velocities may be expressed as

a,kaCy V, sin
SF=F, = —i(1+0)80KaCx Vesing,
' 2 wcoshkh

{e"“‘“{)“‘” sin( o, —ikzo)} (44)

It is of interest to compare the modulus of F, [Eq. (40] with
that of F, . [Eq. (44)] in order to determine whether either of
these forces will dominate the other.

IF, .| 2(1+V¢,)Cy V,sing,

IF,| Twa

(45)

Let us neglect ¢,/2 and estimate the practical values of the
remaining parameters. The drag coefficient is of the order of
unity (it can be effectively nearly 2.0 to account for cable
roughness and strumming), V, is of the order of 2 ft/sec,
sing, =0(1), and w is of the order of unity (1.25 for 5 sec
waves)and Y in. <a<1in. If we take a=1/12 ft, we see that
\F, 1/1F,1 =15 for 1-in. cables and 30 for Y:-in. cables. It
would appear that unless the current speed V. =0 or it is very
small the wave velocity-current induced normal force is an or-
der of magnitude greater than that due to the force from the
wave pressure gradient. Thus, the normal viscous force
generally dominates the inertia force.

In a similar way, the tangential viscous force may be con-
sidered to be proportional to the square of the velocity com-
ponent tangential to the cylinder, in which case the
generalized tangential force including the wave-induced
velocity is

Gy = 2paCr [V, cosd + U, 12 (1+ Vae)ds (46)

where U, is the wave-induced velocity tangential to the sec-
tion, C; is the drag coefficient appropriate for the section
determined for ¢ =0.

The deviation of this force from equilibrium values is

0G=paCrV. U, cosd,(1+ Voey+...)ds 47)

where, since the tangential derivative in terms of the cable
angle is

9 cosqba '<¢>a 48
2= — —sine —
3s ax % “8)

it can be shown from Eq. (37) that
_ —ika,g

= — ithxg +wl)
coshkn <SS —ikzg)e 49)

w

Thus the excitation force per unit length arising from
coupling of wave and current velocities may be expressed as

€o . pga kaCrV,

8G=G,.=—(1+— —ikzy)e!hxoten)
' ¢ 2) wcoshkh cos(@g~ikze)e

(50)
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The ratio of the modulus of G, . to F,, . is

Gl _ Cr .
le,('l a CR Cnd)() ( )

The ratio Cr/Cy is of the order 0.03. Hence, if we take ctne,
to be 0(1), the ratio |G, .|/ 1F,| = 0.5 for 1-in. cables and 2
for Va-in. cables for the same case that was used in the com-
parison of normal force. It would appear that unless the
current speed V.=0 or it is very small the wave velocity-
current induced tangential force is at most of the same order
as that due to the force from the wave pressure gradient. It
should be mentioned that in most practical cases ctng, will
become large only near the sea bed where current speed is or-
dinarily very small, so the conclusion holds in this case also.

Normal and Tangential Forces Due to Cable Motions

The normal force per unit length due to the motion of the
cable element along its local normal, in the presence of a
current V., is taken to be given by

F=Y4paCr (V. sing — V)2 (I+ Vze) (52)
The rate-of-change of this force with Vis for V. > >V
Fy= —'paCR V(.Sin(b()(l“— %60) (53)
We see that this force is independent of the tangential motion
of the cable, i.e.
Fy,=0 (54)

As the cable changes angular position, we see that this force
changes and hence

F,=paCyV.cos¢, (I +2¢,) (55)

Now, in addition, we may account for the fact that the
current velocity V, varies with height above the sea bed as
V.=V .(z) and calculate

F.=paCp V,sind, (1 +Ye,) (dV, /dz) (56)

It is expected that except in special circumstances this last
force gradient will be small.

The total variation in normal force from cable motions can
now be found from

F =F,V' +F,U +F,¢' +F.2’ (57)

with the coefficients given by Eq. (53) through (56). It is
curious to note that the last two terms generally act like
negative springs, F, ¢’ always and F.z’ whenever dV,/dz> 0.

Similarly, the tangential force per unit length due to motion
of the cable element along its tangent in the presence of a
current is taken to be given by

G=paCy (V. coso—U)? (I+V2e) (58)
The rate of change of this force with Vis for V,> >V

Gy=—paCrVcsing, (1 + Vaeg) (59

This force is independent of the normal motion of the cable,
i.e.

G, =0 (60)

As the cable changes angular position, this force also changes,
and hence

G, =paC; V. sing, (1 + Y2e,) 61)

Taking into account that the current velocity V, varies with
height above the sea bed, we find

G, =paCrV, cosd, (I +Yae,) (dV, /dz) (62)
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The total variation in tangential force from cable motions can
now be found from

G =G, V' +G U +G,¢'+G.z’ (63)

In both Eq. (57) and Eq. (63) the variable z’ can be eliminated
in favor of the velocities U’ and V' by use of the kinematic
relationship (32) which, in linearized form and in the frequen-
cy domain (w), becomes

' = (I/iw) [V’ coso, + U’ sing, ] (64)

Equations of Motion for Simple
Harmonic Equations
We now consider a cable subjected to oscillatory wave for-
ces along its length as well as motions imposed on one or both
ends at the same frequency w, so that the cable oscillates
about an equilibrium configuration. We may separate out the
time dependence by writing

U=U’e™ (65a)
V=V'e (65b)
d=¢,+o e (65¢)
T,=T,,+ T e (65d)

€=¢€,+e et (65¢)

where subscript zero indicates the equilibrium value and only
the real part of the complex amplitudes and e™’ are to be
retained. Here we limit ourselves to the case of an anchored
cable, i.e., the equilibrium values of the cable velocity com-
ponents U, V,, are zero.

Returning to Egs. (25), (26), (28), (29), and (31) we obtain
the following coupled ordinary differential equations upon
retaining only the first-order perturbation terms
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_doy 1
ds T,

€g

3=

(67K)

1 1
A= 7 (iwpAyV , cospy—w’ sing,+ (I + 5 enF,) (671

ep

a;=Fy/2T,, (67m)

a53:(1+i0)7),' a55:_(inY0+AE) (67n,0)

In deducing these results products of ¢’ /2 and the exciting
force amplitudes £, F, . and G}, . have been neglected. These
latter quantities are the coefficients of e*’ in Egs. (40), (44),
and (49), respectively, with the coordinates x, z replaced by
their equilibrium values.

To solve the set of equations by a numerical procedure it is,
of course, necessary to find the equilibrium solution for the
cable geometry, effective tension, and strain. These results
enable the evaluation of the matrix elements (67). The
dynamic problem is then well-posed once the conditions on
the cable ends are specified.

Boundary Conditions

Equation (66) constitutes a set of four simultaneous dif-
ferential equations for the four state variables U’, V', T,, ¢'.
Four boundary conditions are therefore required in order to
specify the problem. It is not difficult to show that these break
up into two conditions at the buoy attachment point and two
at the cable touchdown point. The two conditions at the buoy
attachment point are nenhomogenous since the buoy itself is
being forced by the waves. The manner in which these wave
forces are transmitted to the cable will not be considered here
in detail however, since the complexities of the buoy motions
themselves would have to be taken into account, and this is
beyond the scope of the present work. The two conditions at
the cable touchdown point will now be developed. It is easy to
see that if the touchdown point conicides with the anchor the

TU 0 a;, 0 0 a;s U 0 -
Vv’ a,; 0 0 a,y 0 Vv’ 0
d
— |V To )=y ay ap 0 ay ass l T |+ Gl (66)
ds |
oM Aqp gy Ay Qqq Ay ‘ &' ! (£ +Fi) ’
L 0 ] L 0 0 as;z 0 dss N L e’ B L 0 _‘
where
a,=do,/ds; a,;=iw (67a,b) cable must be statigpary there and so, under these cir-
cumstances, the conditions are
a,; =—do,/ds; a,,=iw(l+ 67c,d
21 b9/ 2 =lw( €9) ( ) U=V=0 al s=0 (68)
) i G.sing, .
ay =iovp— (I+ —€)) (G, +——) (67¢) When the cable lies along the sea bed between the touchdown
2 @ point and the anchor, on the other hand, the cable, which is
elastic, is capable of transmitting longitudinal waves between
a,=—(1+ i € )G:_cosﬁ) (67) the two points and, as a consequence, the tangential
2 2 Iw velocity {/ no longer vanishes there but instead obeys the
equations
a;;=w' cosop, — (1 +2¢,)G,;
aU/0ds =0e /0t
a;5=—Gy/2 (67g,h)
u(dU/aty=9T,/ds (69)
(14 Vaey) coso k. )
Ay=———""~—""" (671) It can be inferred from these equations that along the sea bed

iwT,

€p

. 1 F. 1
dyy= [lwu, + 1+ B3 €) (Fy + EC()S‘%] ro (67j)

the steady-state component of the effective tension is con-
stant. Attention will be confined to sinusoidal dynamic
motions. Then since e = KT, where K= —a,; /a;;s these partial
differential equations reduce to the following pair of ordinary
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differential equations
dU’ /ds =iwKT, (70a)
dT’ /ds = piwU’ (70b)
the general solutions to which are

U’ =acosas + Bsinas (71a)
«l

T,=— [Acosas — Bcosas] (71b)
wK

where a=w(pk) " and A and B are constants of integration.
Assume the cabie along the sea bed to be uniform. The touch-
down point lies at s=0 while the anchor lies at s= —L. Since
the anchor is permanently fixed, the condition there is

U =0 ats=-L (72)

Upon substituting into Eq. (71), a relationship is obtained be-
tween 4 and B from which 4 may be eliminated. Finally,
eliminating B between the resulting equations we find the
following relationship between U’ and T all along the cable
between the anchor and the touchdown point

, .,wK [ tanalcosas +sinas
U +iT,— -
o tana L sinas —cosas

Upon setting s =0 we find the boundary condition that is to be
applied at the touchdown point:

U —-BT;=0 at s=0 (73)
where
B=(K/w) " tanal 74)

It is to be noted that if either L =0 (touchdown point at the
anchor) or K—0 (ineiastic cable) the boundary condition
reduces, as it must, to U’ =0. The second boundary condition
is still, of course, V' =0ats=0.

Equations (73) and (74 can be generalized to account for the
fact that the cable lying along the sea bed is not uniform but
instead consists of several uniform segments. In this case, the
constants K and g will change from segment to segment, and
the general solution (71) will be valid in each segment but with
different values for 4 and B. Thus, in the jth segment we have

L/j’=Ajcosajs+Bjsinajs (75a)

7 =% 4 sina,s— B cosa 5] (75b)
= Sina ;s — B;cosa;

f’j ij J J J /

The effective tension and velocity must be continuous at the
joint beiween two contiguous segments, and these conditions
can be used to obtain recursion formulas for the A;’s and
B,’s. Thus, upon defining s to be zero at the right-hand end of
each segment and to be equal to —L; at the left-hand end of
the jth segment, we obtain the following recursion formulas

Aj :A/+1cos(a1+ll‘/+l ) _B_/+15in(a_/+ll(/+1) (76a)
K./+/O‘J :
— — )B;=A, sin(oy L) +B; cos(ey L)

Ko
(76b)
If these equations are solved for 4;,; and B, and the ratio
taken, theresult is ’
K. o
Aj+f _ KJO‘.HI

«——L>sin(aj+,LH, ) +Cjcos(a; L. ,)

B < K

Ko,

)COS(OIH_/LH_[ ) —stin(aj-t-/L_/*—l)
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At the anchor, U’ =0, which leads to the following starting
condition for the recursion

C,:tana,L, (78)
Finally, if there are N segments, then, upon setting j=N and
taking the ratio of Uy to 7,,, at s=0, the boundary condition

is seen to be (73) but with 8 given by

wKy

8

Cn 79)
N

Finally, it can be shown that the two conditions at the buoy
are of the form

U =U,+U;T,+U,¢’ (80)
at s=¢{
V' =V, + VT, +V, ¢’ (81)

where U, and V, are tangential and normal wave velocities,
respectively, at the buoy and the quantities Uy, U,, Vi, V,
are frequency-dependent complex parameters that depend on
the buoy dynamic characteristics and the location of the cable
attachment point.

Solving the Dynamic Equations
The dynamic equation (66) can be written

dx/ds=Ax+F (82)
where
U’
v
xX= (83)
T
¢/

and the algebraic equation for ¢’ is eliminated by substitution.
The boundary conditions are

U —iBT;=0, V' =0 ats=0 (84)
together with Eq. (80) and (81). One method for solving this

two-point boundary value problem is as follows:
Let

X[I(S) X[”(S)
X5, (5) X, ()
x(s) = K Xy= 5 (85)
Xgl (S) XJ”(S)
x4[ (S) L x4” (S) _

denote the solutions of the homogeneous counterpart of Eq.
(82), i.e., with F=0, and with initial conditions

KF 0 1 T 0 4]
0 i |

X, (0) = X, (0)= | ] (86)
o L
Lo L 0

a7)
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and let
{' X1, (8) -
X5, (8)
Xy = " (87)
X311 (s)
X411 (s) -

denote a solution of the complete equation (82) with the
homogeneous initial conditions

X (0) = (88)

o o O

0

Then the solution to Eq. (82) with boundary conditions (80),
(81), and (84) is given by

x(8) =a;x;(8) +ax;,(s) +x54(5) (89

where the constants @; and a, as well as ¢ (f) and T, (f) are
obtained by solving the following system of equations

X (0 x, (D =V, =V a V.
Xz, 0 xzu(l’) -Uy, =Ur a, B U,
X3 (0 x5, (D 0 -1 ' (9 oo
Xq (O x4, (D) -1 0 T 0

The two-point boundary value problem is then solved by
calculating x,, x;,, and x,,,, determining @, and @, from (90),
and substituting into (89). The vectors x;, x;, and x,, are
linearly independent, that is, no complex numbers @ and b
exist such that ax; +bx,, +x,;, =0 for any s. However, under
certain conditions of cable length and frequency this may not
be so to within the accuracy of computers. In these cases, the
matrix in Eq. (90) becomes ill-conditioned and @, and a, can-
not be determined. To preclude this phenomenon, the vectors
x,, x;;, and x,;, must be renormalized in stages according to a
method of Godonov.’ The details cannot be presented here
for lack of space. However, it should be mentioned that the
method is developed by Godonov for equations given in terms
of real variables. In using the method, the scalar product of
two vectors is required and this has been generalized to com-
plex variables by Trampus® as follows

If
X, Yi
X7 Y2
x= s Y=
X3 Y3
X4 Y4 _
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then

X y=X,y;tXY,+X3Y5+ X4y 91N

where X; is the complex conjugate of x,, i=1, 2, 3, 4.

Conclusions

The statics and dynamics of anchoring cables have been
analyzed, and, in the course of doing so, several new aspects
of this time-honored problem have been discovered. In par-
ticular, the effects of hydrostatic pressure is accounted for;
the strain of the cable is accounted for properly; the effect of
cable angle on the added mass of a cable in a stream is in-
cluded; wave forces acting on the cable are analyzed; the ef-
fect of waves on the dynamic boundary condition at touch-
down of slack cables is determined; the complete effect of
current, including current gradient, on the cable forces is
found. Finally, a method is outlined for finding the numerical
solution of the linearized cable-buoy dynamic equations sub-
ject to appropriate boundary conditions that overcomes the
tendency of solutions to become linearly dependent, a

X1y (0)
X2, ()
%o (D (90)
X4, (0)

problem that has previously plagued all numerical analyses of
long cables in the frequency domain.

Unfortunately, space does not permit the presentation of
the numerical results of a computer program that has been
developed based on the analysis presented here. Such a
program does indeed exist and resides at the NOAA Data
Buoy Office.
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